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Abstract
For certain contact manifolds admitting a 1-periodic Reeb flow we
construct a conjugation-invariant norm on the universal cover of the
contactomorphism group. With respect to this norm the group admits
a quasi-isometric monomorphism of the real line. The construction in-
volves the partial order on contactomorphisms and symplectic inter-
sections. This norm descends to a conjugation-invariant norm on the
contactomorphism group. As a counterpoint, we discuss conditions
under which conjugation-invariant norms for contactomorphisms are
necessarily bounded.
1 Introduction
A conjugation-invariant norm on a group G is a function ν : G→
[0,∞) satisfying the following properties:
1. ν(1l) = 0 and ν(g) > 0 for all g 6= 1l.
2. ν(gh) ≤ ν(g) + ν(h) for all g, h ∈ G.
3. ν(g−1) = ν(g) for all g ∈ G.
4. ν(h−1gh) = ν(g) for all g, h ∈ G.
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A function ν satisfying only 1-3 is a norm on G , while if the non-
degeneracy condition ν(g) > 0 for g 6= 1l is dropped ν is said to be a
pseudo-norm.
Given any bi-invariant metric d on G, distance to the identity de-
fines a conjugation-invariant norm, ν(f) := d(f, 1l), and vice versa, any
conjugation-invariant norm ν defines a bi-invariant metric d(f, g) :=
ν(fg−1).
Following the terminology of [BIP08] we say a norm onG is bounded
when there exists C <∞ such that ν(g) ≤ C for all g ∈ G. A norm is
called stably unbounded if for some g ∈ G, ν(gn) ≥ c|n| for all n ∈ Z
with some c > 0. A norm ν is discrete if there exists a constant c > 0
such that c ≤ ν(g) for any g 6= 1l, and a norm is trivial if it is both
discrete and bounded (i.e., equivalent to the trivial norm). In many
cases we will consider, a general argument of [BIP08] implies that all
conjugation-invariant norms are discrete, and hence boundedness is
equivalent to triviality.
In this paper, we focus on conjugation-invariant norms on contac-
tomorphism groups and in particular on their (un)boundedness. Such
norms were discovered by S. Sandon in [S10] and further studied in
recent papers [Z13] by F. Zapolsky and [CS12] by V. Colin and S.
Sandon. Their geometric properties turn out to be sensitive to the
contact topology of (V, ξ). The above norms are:
• unbounded for T ∗Rn × S1, but not stably unbounded [S10];
• stably unbounded for T ∗X × S1 with compact X [Z13, CS12]
and for RP 2n+1; [CS12];
• bounded for S2n+1 [CS12],
where the manifolds in the list are equipped with the standard contact
structures. All these norms are studied by using Legendrian spectral
invariants. Sandon’s norm and its extension by Zapolsky are actually
defined through these invariants, while the Colin-Sandon norms have
geometric and/or dynamical definitions. It is also possible to define
not conjugation-invariant (pseudo-) norms purely in terms of Hamil-
tonians; one of these, in the spirit of Hofer’s norm, has been studied
by Shelukhin [Sh14] (cf. [R12, R13]).
Conjugation-invariant norms are closely related to quasi-morphisms.
Indeed if µ is a homogeneous quasi-morphism on a group G – a real-
valued function on G such that φ(fn) = nφ(f) for any f ∈ G, n ∈ Z
and for which there is D > 0 such that |φ(fg)−φ(f)−φ(g)| ≤ D for all
f, g ∈ G – then it is easily checked that φ is conjugation-invariant and
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µ(f) := |φ(f)|+D for f 6= 1l, µ(1l) := 0 defines a conjugation-invariant
norm on G. In particular the quasi-morphisms which S. Borman and
F. Zapolsky [BZ15] construct on prequantizations give rise to stably
unbounded conjugation-invariant norms.
Finally, we note that, as with diffeomorphisms, a fragmentation
property holds for contactomorphisms (see Banyaga [B97]) and any
open cover therefore induces a corresponding fragmentation norm (c.f.
[BIP08] for diffeomorphisms, [CS12] for contactomorphisms). With
some care in the choice of cover this norm will be conjugation-invariant
and, as we show in Section 3.4, will dominate all known conjugation-
invariant norms, a situation analogous to that for diffeomorphism
groups [BIP08].
The aim of the present paper is twofold. In Section 2 for certain
contact manifolds admitting a 1-periodic Reeb flow we give yet an-
other construction of a stably unbounded conjugation-invariant norm
on the (universal cover of) contactomorphism groups. The construc-
tion involves the partial order on contactomorphism groups introduced
in [EP00], and the stable unboundedness of the norm is deduced from
basic results on symplectic intersections. The examples include vari-
ous prequantization spaces such as T ∗X×S1 with closed X, prequan-
tizations of symplectically aspherical manifolds containing a closed
Bohr-Sommerfeld Lagrangian submanifold and the standard projec-
tive spaces RP 2n+1.
These results are contrasted with the following statement proved
in Section 3: if the contact fragmentation norm is bounded, which
in particular holds for V = S2n+1, then every known conjugation
invariant norm on the identity component of the contactomorphism
group is trivial. The proof follows closely [BIP08].
2 Constructions
2.1 Preliminaries
Let (V, ξ) be a contact manifold, not necessarily closed, with co-
oriented contact structure ξ. Let us fix some notation for the groups
we will be dealing with. We write G(V, ξ) for the identity component of
the group of compactly supported contactomorphisms of (V, ξ). This
is shortened to G(V ) or G when clear from the context. We denote by
G˜ the universal cover of G.
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Contact isotopies supported in a given open set X ⊂ V give rise to
subgroups of G(V ) and G˜(V ) generated by these isotopies. We denote
them respectively by G(X) ⊂ G(V ) and G˜(X,V ) ⊂ G˜(V ). Let us
mention that in general G˜(X,V ) does not coincide with the universal
cover G˜(X) of G(X). However there exists a natural epimorphism
G˜(X)→ G˜(X,V ) . (1)
Throughout this section we assume that λ is a contact form which
obeys the co-orientation and whose Reeb vector field generates a circle
action et, t ∈ S
1. As an auxiliary group - not the primary object of our
study - we define Ge(V, λ) to be the group of contactomorphisms of the
form et ·φ where φ ∈ G(V ). We emphasize that by contactomorphism,
we always mean a diffeomorphism preserving the contact structure,
and in this last case, the co-orientation. We do not, however, require
contactomorphisms to preserve any specific contact form. We denote
by G˜e the universal cover of Ge.
Observe that when V is a closed manifold, G(V ) = Ge(V ). When V
is an open manifold, every f ∈ Ge(V ) coincides with some et outside
a sufficiently large compact subset, so we have a fibration G(V ) →
Ge(V )→ S
1. The exact homotopy sequence yields in this case that
0 = π2(S1)→ π1(G)→ π1(Ge) ,
and hence π1(G) → π1(Ge) is a monomorphism. This implies that G˜
can be considered as a subgroup of G˜e.
Let SV = (V × R+, d(sλ)) be the symplectization of V . For
a contactomorphism f of V we write f¯ for the corresponding R+-
equivariant symplectomorphism of SV . A time-dependent function
Ft : SV → R which is R+-equivariant, i.e. such that Ft(sx) = sFt(x)
for all s ∈ R+, x ∈ SV , is called a contact Hamiltonian. The Hamilto-
nian flow it defines is also R+-equivariant and so produces a contact
isotopy of (V, λ). Moreover, every contact isotopy ft is given uniquely
by such an Ft. In particular, the Reeb flow et is given by the (time-
independent) contact Hamiltonian s.
We consider the stabilization SV ×T ∗S1 of SV with the symplectic
form d[sλ + rdt]), and for a subset X ⊂ SV denote Stab(X) = X ×
OS1 ⊂ SV ×T
∗S1, where in general in this paper we write OM for the
zero section of T ∗M . Under the diffeomorphism σ : S(V × T ∗S1) →
SV × T ∗S1, (s, u, r, t) 7→ (s, u, sr, t) for s ∈ R+, u ∈ V, r ∈ R, t ∈ S
1,
the Liouville form sλ+rdt on the exact symplectic manifold SV ×T ∗S1
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pulls back to the form s(λ+rdt) on SV×T ∗S1, therefore (V ×T ∗S1, λ+
rdt) is a contact manifold whose symplectization is symplectomorphic
SV × T ∗S1 and we have an induced R+-action on SV × T
∗S1 given
by c · (z, r, t) = (c · z, cr, t) where z ∈ SV , r ∈ R and t ∈ S1.
Definition 2.1. We say that a compact set B ⊂ SV has stable inter-
section property if Stab(B) cannot be displaced from SV ×OS1 by an
R+-equivariant Hamiltonian diffeomorphism of SV × T
∗S1.
Any f ∈ G˜e is a homotopy class of path connecting the identity to
a fixed contactomorphism. We write {ft}t∈[a,b] for a specified path in
the class f and simply {ft} when [a, b] = [0, 1]. We remind that the
contact Hamiltonian depends on this choice of path within the class
f and is not uniquely defined by f . We write H(ft) to denote the
Hamiltonian for the path {ft}. Recall that the cocycle formula yields
H(ftgt) = H(ft) +H(gt) ◦ (f¯t)
−1 . (2)
The following binary relation introduced and studied in [EP00]
plays a crucial role in our story: we write f  1l, f ∈ G˜e if f “can
be given by a non-negative contact Hamiltonian”, i.e. there is some
path {ft} in the class of f having a non-negative contact Hamiltonian.
Observe that in this case d
dt
ft(x) ∈ TftxV belongs to the non-negative
half-space bounded by the contact hyperplane λftx. We remark that
having a non-negative Hamiltonian is a coordinate-free condition and
so f  1l is invariant under conjugation of f in G˜e. We write f  g
if fg−1  1l (here fg−1 corresponds to the class of paths {ftg
−1
t }).
By conjugating with g−1, we have the equivalent definition: f  g if
g−1f  1l. Observe that the relation  is reflexive.
We denote by e the lift of {et}t∈[0,1] to G˜e, and by e
c, c ∈ R the
element of G˜e represented by the path {et}t∈[0,c].
Lemma 2.2. 1. For f, g ∈ G˜e, f  g if and only if f and g can be
given by Hamiltonians F and G such that F ≥ G. Moreover one
can prescribe either F or G in advance, hence  is transitive;
2. f  g and a  b implies that fa  gb, i.e.  is bi-invariant;
3. Any element φ ∈ G˜e generated by a positive contact Hamiltonian
bounded away from zero on the hypersurface {s = 1} is dom-
inant, i.e. ∀f ∈ G˜e,∃p ∈ N s.t. φ
p  f . In particular any
ec, c > 0 is dominant.
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Proof. To prove the if direction of the first property, fix paths {ft}
and {gt} for f and g such that H(ft) ≥ H(gt). By (2)
H(g−1t ft)(z, t) = H(g
−1
t )(z, t) +H(ft)(g¯tz, t)
= −H(gt)(g¯tz, t) +H(ft)(g¯tz, t).
So {g−1t ft} is a path in the class g
−1f having non-negative Hamilto-
nian. Now, to prove the only if direction, let {ht} be a path in the
class g−1f having non-negative Hamiltonian H(ht). Let {gt} be an ar-
bitrary path for g and set ft = gtht (or if we wish to prescribe ft then
set gt accordingly). Then ht = g
−1
t ft and so the earlier computation
shows that H(ft) ≥ H(gt).
The second property is also proved using the cocycle formula (2)
(comparing Hamiltonians for f(ab−1) and g). The third property is
straightforward (note that cs is a contact Hamiltonian for ec).
Remark 2.3. The Hamiltonians F and G in Lemma 2.2 item 1 can
moreover be taken to be 1-periodic. This is because a non-negative
(resp. positive) isotopy can be homotoped within the class of non-
negative (resp. positive) isotopies to one with 1-periodic Hamiltonian.
For positive isotopies this is given by Lemma [EP00, 3.1A], see also
the argument within the proof of Theorem [EKP06, 1.19]. The same
arguments go through for non-negative isotopies.
The next result is a direct analogue of Theorem [EP00, 2.3A]. Re-
flexivity, transitivity and bi-invariance of  are given by the previous
Lemma. As in [EP00, 2.3A], the only issue is anti-symmetry.
Theorem 2.4. Suppose that SV contains a compact set B with stable
intersection property. Then  is a bi-invariant partial order on G˜e.
Remark 2.5. Anti-symmetry of  on the universal cover of a group
of contactomorphisms fails if and only if that group contains a non-
constant contractible loop with non-negative Hamiltonian. For closed
V , V is said to be orderable1 [EP00] when  is anti-symmetric on
G˜(V ). For open V with 1-periodic Reeb flow we consider a stronger
notion, referring to V as orderable when  is anti-symmetric on G˜e(V ).
1In fact, although the study of  on G˜(V ) was initiated in [EP00], the terminology
orderable was introduced later in [EKP06].
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The proof of Proposition [EP00, 2.3A] derives orderability from
the stable intersection property using two results: Proposition [EP00,
2.1B] and Proposition [EP00, 2.3B]. The first applies to G(V ) for closed
V and says that existence of a non-negative, non-constant contractible
loop implies existence of a positive one. The second shows the stable
intersection property prevents existence of a positive contractible loop.
The first proposition [EP00, 2.1B] requires compactness of V , but
can be modified to deal with Ge(V ) as shown in Proposition 2.6. The
second proposition [EP00, 2.3B] generalizes immediately to our setting
and is stated and proved as Lemma 2.14 below. These two results
together imply Theorem 2.4 (given compact B ⊂ SV we let C be its
projection to V ).
Proposition 2.6. (c.f. Proposition [EP00, 2.1B]) Assume there ex-
ists a non-negative non-constant loop {ft}t∈S1 of contactomorphisms.
Then for any compact set C ⊂ V there exists a loop {gt}t∈S1 of con-
tactomorphisms whose contact Hamiltonian Gt is positive on SC for
all t ∈ S1. Moreover, when {ft}t∈S1 is contractible so is {gt}t∈S1 .
Compact support is also retained.
Proof. At first we proceed as in the first two steps of the proof of
Proposition [EP00, 2.1B], and then we resort to a modification.
As in step 1 of [EP00, 2.1B], without loss of generality we may
assume F (z, 0) 6= 0 for some z ∈ SV . Let U ⊂ V be such that
F (z, 0) > 0 for all z ∈ SU .
As in step 2 of [EP00, 2.1B], we take a sequence ϕ1, . . . , ϕd of
elements of Ge such that C ⊂
d⋃
k=0
ψk(U), where ψ0 = 1l, ψk = ϕ1 · · ·ϕk
for k = 1, . . . , d. This can be done since C is compact. Define
gt = ftϕ1ft . . . ϕdft(ϕ1 · · ·ϕd)
−1. (3)
This forms a loop {gt}t∈S1 generated by the Hamiltonian
G(z, t) = F (z, t)+F (ϕ¯−11 f¯
−1
t z, t)+
. . .+F (ϕ¯−1d f¯
−1
t · · · ϕ¯
−1
1 f¯
−1
t z, t).
For z ∈ SU the first summand is positive when t = 0. On the other
hand, for z ∈ SC \ SU there exists k such that ψ¯−1k z ∈ SU , in which
case the k’th summand is positive when t = 0. Since all summands
are non-negative we conclude G(z, 0) > 0 for all z ∈ SC. Note that
{gt}t∈S1 is contractible if {ft}t∈S1 is, and compact support is also
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retained, so without loss of generality we now assume F (z, t) > 0 for
all z ∈ SC, t = 0 and hence for all z ∈ SC and t ∈ ∆ ⊂ S1 a closed
interval containing 0.
Let H be an autonomous contact Hamiltonian H : SV → R which
is positive on the set ∪t∈S1 f¯t(SC). Moreover assume H vanishes out-
side SK for some compact K ⊂ V so the associated contact isotopy ht
is compactly supported. By construction, H(f¯−1t z) > 0 for all t ∈ S
1,
z ∈ SC. We claim there exists a smooth function u : [0, 1] → R with
the following properties:
• u(0) = u(1) = 0.
• For all t /∈ ∆, u′(t) > 0.
• For all t ∈ ∆,
u′(t) > − min
z∈SC
F (z, t)
H(f¯−1t z)
. (4)
Indeed, the minimum (4) exists and is positive, since for each t ∈ ∆,
F (z, t)/H(f¯−1t z) is a well defined, positive, and R+-invariant function
on SC; therefore, we can allow u′ to be negative on part of ∆ and so
make it positive outside of ∆.
Consider now the loop gt = fthu(t). Clearly, it is homotopic to {ft}
via the endpoint-preserving homotopy {fthsu(t)}. It is also compactly
supported when ft is (because {ht} has compact support).
Moreover, its Hamiltonian is G(z, t) = F (z, t) + u′(t)H(f¯−1t z)
which, by condition (4), is positive for all z ∈ SC and t ∈ ∆. We
claim that G(z, t) > 0 for all z ∈ SC and t ∈ S1. Indeed, if t /∈ ∆,
then u′(t) > 0 and, as observed above, H(f¯−1t z) > 0 for z ∈ SC, thus
implying G(z, t) > 0 (since F ≥ 0).
2.2 The norm ν
Throughout this section we assume that V is orderable; that
is, the relation  is a partial order on G˜e(V ) (see Remark 2.5).
Observe that e lies in the center of G˜e. For an element f ∈ G˜e consider
the following invariants:
ν+(f) := min{n ∈ Z : e
n  f}
and
ν−(f) := max{n ∈ Z : e
n  f} .
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Note that ν− ≤ ν+ by transitivity of .
It is readily checked that ν+ and ν− are conjugation-invariant (since
e is in the center) and ν−(f) = −ν+(f
−1), using the bi-invariance of
. We also observe that ν+ and ν− are respectively sub- and super-
additive:
ν+(fg) ≤ ν+(f) + ν+(g)
ν−(fg) ≥ ν−(f) + ν−(g).
We write
ν(f) := max(|ν+(f)|, |ν−(f)|) .
Remark 2.7. Let k ∈ Z≥0. We remark that ν(f) ≤ k if and only if
e−k  f  ek. This in turn is equivalent to the property: f can be
generated by a contact Hamilonian F+ such that F+ ≤ ks and also
by a contact Hamiltonian F− such that F− ≥ −ks (see Lemma 2.2).
By Remark 2.3, the Hamitonians F± may moreover be assumed to be
1-periodic.
We have the following.
Theorem 2.8. ν is a conjugation-invariant norm on G˜e.
Proof. Clearly ν ≥ 0. Observe moreover that ν(f) = 0 if and only if
1l  f  1l and hence f = 1l. Since both ν+ and ν− are conjugation-
invariant, ν is as well. It remains to prove the triangle inequality.
Observe that, by Remark 2.7,
ν(f) = min{k ∈ Z≥0 : e
−k  f  ek}.
Now, let f, g ∈ G˜e, and put m = ν(f), n = ν(g). Then
e−m  f  em; e−n  g  en.
By bi-invariance of , this implies e−(m+n)  fg  em+n, which gives
ν(fg) ≤ m+ n = ν(g) + ν(g).
Remark 2.9. Note the above argument in fact proves that ν is a
conjugation-invariant semi-norm which is non-degenerate if and only
if  is anti-symmetric. By trivial reasons, non-degeneracy of the
semi-norm ν is therefore equivalent to orderability of G˜e(V ) (see Re-
mark 2.5). For closed V , the oscillation semi-norm νosc of [CS12] has
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an analogous property (c.f. Proposition [CS12, 3.2]): by definition it
is non-degenerate if and only if there is no positive contractible loop
in G(V ), and this in turn is equivalent to orderability by Proposition
[EP00, 2.1B].
Remark 2.10. Note that a  b  1l implies ν(a) ≥ ν(b). In other
words, (G˜(V ), ν,) is a partially ordered metric space in the sense of
[EP00], Section 1.7.
Theorem 2.11. Suppose that a compact set B ⊂ SV has stable in-
tersection property and in addition B is invariant under the flow e¯t.
Assume f ∈ G˜e can be generated by a contact Hamiltonian Ft satisfy-
ing Ft > cs on B for some c > 0 and all t ∈ S
1. Then ν+(f) ≥ [c],
the integer part of c, and so ν(f) ≥ [c].
Corollary 2.12. Suppose that a compact set B ⊂ SV has stable in-
tersection property and in addition B is invariant under the flow e¯t.
Then ν is stably unbounded on G˜(V ) ⊂ G˜e(V ). Moreover, G˜(V ) admits
a quasi-isometric monomorphism of the real line.
Proof. Suppose c ∈ N and ǫ > 0. Let C = π(B) ⊂ V be the (compact)
projection of B. Define F to be an autonomous contact Hamiltonian
equal to (c + ǫ)s on SC and supported in a larger SK, with K ⊂ V
compact. Then F generates an element f ∈ G(V ) which satisfies the
hypotheses of Theorem 2.11. In particular if n ∈ Z then nF is a
Hamiltonian for fn. For n > 0 it strictly exceeds cn on B so the
Theorem gives ν+(f
n) ≥ cn, while for n < 0 we obtain ν−(f
n) ≥ c|n|.
We conclude ν(fn) ≥ c|n| for all n ∈ Z. Moreover, taking ǫ < 1, we
can arrange that |F | ≤ (c + 1)s on SV , which by Remark 2.7 gives
ν(fn) ≤ (c+1)|n|. Since F is autonomous its Hamiltonian flow t 7→ ft
thus defines a quasi-isometric monomorphism R→ G˜(V ).
Remark 2.13. Observe that, by definition, ν(en) = n for any n ∈
N, and hence ν is always stably unbounded on G˜e. The point of
Corollary 2.12 is that existence of a compact invariant set with the
stable intersection property implies stable unboundedness also on G˜.
On the other hand, when V is compact, G˜e(V ) = G˜(V ) and hence ν is
always stably unbounded on G˜(V ).
Before proving the theorem, we recall the following construction (see
[EP00]). Let ϕ = {φt}t∈S1 , φ0 = φ1 = 1l be a loop of contactomor-
phisms in Ge(V ) generated by a contact Hamiltonian Φt on SV . Define
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the suspension map
Σϕ : SV × T
∗S1 → SV × T ∗S1
of ϕ by
(z, r, t) 7→ (φ¯tz, r − Φt(φ¯tz), t) .
The map Σϕ is an R+-equivariant symplectomorphism of SV ×T
∗S1.
Given two loops ϕ and θ, the co-cycle formula implies Σϕ◦θ = Σϕ ◦Σθ.
Furthermore, if ϕ is contractible and ϕ(s) is the homotopy of ϕ = ϕ(0)
to the constant loop ϕ(1) = 1l, the family of suspension maps Σϕ(s) is
a Hamiltonian isotopy of SV × T ∗S1.
Lemma 2.14. (c.f. Proposition [EP00, 2.3B]) Let B ⊂ SV be a com-
pact set with stable intersection property. Then for every contractible
loop ϕ = {φt}t∈S1 its contact Hamiltonian Φ vanishes for some t0 ∈ S
1
and y ∈ B: Φt0(y) = 0.
Proof. The stable intersection property implies that the sets Σϕ(SV ×
OS1) and B × OS1 intersect. Thus there exist z ∈ SV and t0 ∈ S
1
such that φ¯t0z ∈ B and Φt0(φ¯t0z) = 0. Setting y = φ¯t0z, we get the
lemma.
Proof of Theorem 2.11: Without loss of generality we may assume
c to be an integer. Suppose it is not true that ν+(f) ≥ c. Then f  e
c
(recall ec denotes the class of the path {ect}). This means that
H(f¯t) ≤ H(e¯ctφ¯t) (5)
for some contractible loop ϕ = {φt} on Ge. By the cocycle formula,
this yields Ft ≤ cs + Φt ◦ e¯−ct. Applying Lemma 2.14, we see that
Φt0(y) = 0 for some t0 ∈ S
1 and y ∈ B. Since x := e¯cty ∈ B, we get
that Ft(x) ≤ cs(x), contradicting the assumption Ft|B > cs.
If we consider only compactly supported contactomorphisms, i.e. re-
strict the above norm to G˜, it descends to G as follows. Given f ′ ∈ G,
define
ν∗(f
′) := inf ν(f) , (6)
where the infimum is taken over all lifts f of f ′ to G˜ ⊂ G˜e. Observe
that ν∗ is non-degenerate: indeed, since ν(f) is integer, the infimum
is necessarily attained on some lift f , but ν(f) = 0 yields f = 1l and
hence f ′ = 1l.
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Denote by Π the image of the fundamental group π1(G, 1l) in π1(Ge, 1l)
under the natural inclusion morphism. Each loop in Ge representing
an element of Π can be written as a product of a contractible loop in
Ge and a loop in G (note that the order of factors is not important
since G is a normal subgroup of Ge).
Given a compact subset B ⊂ SV , we say that it has strong stable
intersection property if for every loop ϕ representing an element of Π
its suspension Σϕ satisfies
Σϕ(SV ×OS1) ∩ (B ×OS1) 6= ∅ . (7)
Theorem 2.15. Suppose that a compact set B has strong stable in-
tersection property and in addition B is invariant under the flow e¯t.
Assume f ∈ G˜ is generated by a contact Hamiltonian Ft satisfying
Ft > cs on B, for some c > 0 and all t ∈ S
1. Let f ′ ∈ G be the
time-one endpoint of f . Then ν∗(f
′) ≥ c.
The proof repeats verbatim that of Theorem 2.11 with the following
modifications: Lemma 2.14 extends to any loop ϕ = {φt} representing
an element of Π under the assumption of strong stable intersection
property, and given f and f ′ as in our hypotheses, inequality (5)
holds for a loop ϕ = {φt} representing an element of Π.
2.3 Examples
In this section we discuss some settings where our norm is well-
defined.
Remark 2.16. In Examples 2.17, 2.18, 2.19 below we consider V
of the form T ∗X × (S1)k, k ∈ N. In all these settings, given a set
Y ⊂ T ∗X we write Ŷ := Y × (S1)k to denote its lift to V .
Example 2.17. Assume that V = T ∗X × S1, where X is a closed
manifold, λ = dτ − pdq, et(p, q, τ) = (p, q, τ + t). Consider the La-
grangian submanifold
B := OX × {s = 1} ⊂ SV,
where {s = 1} ⊂ S1 × R+. B is stably non-displaceable by stan-
dard Floer theory. Thus ν is a metric on G˜e in this case. Further-
more, Theorem 2.15 is applicable to this situation. Indeed we claim
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(see proof below) for any loop ϕ = {φt} in Ge representing an ele-
ment of Π, Σϕ(Stab(B)) has the same Liouville class as Stab(B) and
hence these Lagrangian submanifolds intersect by a theorem of Gro-
mov [G85, 2.3.B′′4 ], implying B has strong stable intersection property.
We conclude that the norm ν∗ defined by (6) is unbounded on the
subgroup G(Û , V ) consisting of all contactomorphisms generated by
contact isotopies with support in Û , where U ⊂ T ∗X is any tube con-
taining the zero section. In fact, the group G(V ) is stably unbounded
with respect to ν∗. Let us mention also that the norm ν∗ is greater
than or equal to the norm defined by Zapolsky in [Z13] (this readily
follows from [Z13]).
Proof. We need to show [Λ|Stab(B)] = [Λ|Σϕ(Stab(B))] where Λ :=
sλ+rdt is the Liouville form on SV ×T ∗S1. Without loss of generality
assume ϕ = {φt} is a loop on G (since for contractible ϕ the suspension
Σϕ is Hamiltonian). By the Ku¨nneth formula H1(Stab(B)) is gener-
ated by loops of the form {(γ(ρ), 0, 0)}ρ∈S1 and {(z0, 0, t)}t∈S1 where
{γ(ρ)}ρ∈S1 is a loop in B and z0 ∈ B. ThusH1(Σϕ(Stab(B))) is gener-
ated by loops {(γ(ρ),−Φ0(γ(ρ)), 0)}ρ∈S1 and {(φ¯tz0,−Φt(φ¯tz0), t)}t∈S1 .
Λ coincides on loops {(γ(ρ), 0, 0)}ρ∈S1 and {(γ(ρ),−Φ0(γ(ρ)), 0)}ρ∈S1
(since rdt vanishes). Before comparing the other loops note that we
may deform OX × S
1 by a contact isotopy so that at least one point
w of the image lies outside the compact support of the isotopy φt.
This deformation lifts and extends trivially to a Hamiltonian isotopy
ht of SV × T
∗S1 so without loss of generality, appealing also to the
Hamiltonian isotopy ΣϕhtΣ
−1
ϕ for Σϕ(Stab(B)), we may replace z0 by
(s,w) for some s ∈ R+ when evaluating Λ on loops {(z0, 0, t)}t∈S1 vs.
{(φ¯tz0,−Φt(φ¯tz0), t)}t∈S1 . These loops now lie outside the support of
Σϕ and so coincide.
Example 2.18. As above, let V = T ∗X × S1. Under extra hypothe-
ses, one can make an even stronger statement than just unboundedness
of our norm on G˜(Û , V ) for a tube U ⊂ T ∗X about the zero section
(cf. Example 2.17). We now describe a setting in which G˜(Û , V ) with
norm ν admits a quasi-isometric monomorphism of RN for any N . Let
L ⊂ T ∗X be a closed Lagrangian submanifold such that
(a) HF (L,L) 6= 0 (Floer homology with coefficients in a field, say
Z2)
(b) (a · L) ∩ L = ∅, ∀a > 0, a 6= 1, where a · (p, q) = (ap, q).
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We claim that for any bounded domain U ⊂ T ∗X containing the zero
section and any N ∈ N, G˜(Û , V ) admits a quasi-isometric monomor-
phism of RN . Some examples of X and L as above:
1. X is a closed manifold admitting a closed 1-form α without ze-
roes, and L is the graph of α.
2. X = S2 and L is the Lagrangian torus studied by Albers and
Frauenfelder in [AF08] with HF (L,L;Z2) 6= 0.
Proof. Fix N ∈ N and fix a bounded tube U ⊂ T ∗X around the zero
section. Choose distinct real numbers a1, . . . , aN , aj 6= 1 such that
Lj := ajL ⊂ U . Thus Lj , j = 1, . . . , N are pairwise disjoint. We
now identify SV with a domain W := Θ(SV ) ⊂ T ∗X × T ∗S1 via the
R+-equivariant symplectic embedding
Θ : SV → T ∗X × T ∗S1, (p, q, s, τ) 7→ (−s · p, q, s, τ)
where (p, q) ∈ T ∗X, s ∈ R+, τ ∈ S
1. In W, put L̂j := Lj × S
1 ⊂ V .
Let Wj ⊂ T
∗X be tubular neighborhoods of Lj respectively such that
Wj ∩Wi = ∅ when i 6= j, where Wj denotes the closure of Wj. Then
the closures of their lifts Ŵj to V are pairwise disjoint.
Take contact Hamiltonians Hj, with suppHj ⊂ S(Ŵj), Hj = 1
on L̂j and 0 ≤ Hj ≤ s. Let h
t
j be the corresponding Hamiltonian
flow. Consider the map Ψ : RN → G˜(Û , V ) given by (t1, . . . , tN ) 7→
ht11 . . . h
tN
N . This is by construction a homomorphism, which is injec-
tive since Wj ’s are pairwise disjoint. On the one hand, h
t1
1 . . . h
tN
N is
generated by H =
N∑
j=1
tjHj so
ν(ht11 . . . h
tN
N ) ≤ maxj
(|tj |+ 1).
On the other hand, H|
L̂j
= tj so by Theorem 2.11
ν(ht11 . . . h
tN
N ) ≥ max
j
(|tj | − 1).
Thus
||t||∞ − 1 ≤ ν(h
t1
1 . . . h
tN
N ) ≤ ||t||∞ + 1 ,
where ||t||∞ := maxj |tj |. We conclude that
Ψ : (RN , || · ||∞)→ (G˜(U , V ), ν)
is a quasi-isometric monomorphism.
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Example 2.19. Let X be a closed manifold equipped with a Rieman-
nian metric ρ without contractible geodesics. For c > 0 put
Ξc := {(p, q) ∈ T
∗X : |p|ρ = c }.
Let Tk = (S1)k denote the k-torus. We claim that for every c > 0 and
k ≥ 1, the subset
Ξc × T
k ⊂ T ∗X × T ∗Tk
(identifying Tk with the zero section OTk) is non-displaceable. As an
immediate consequence, arguing as in Example 2.18, we get that for
any bounded domain U ⊂ T ∗X containing the zero section and any
N ∈ N, G˜(Û , V ) admits a quasi-isometric monomorphism of RN . We
thank Michael Usher [U14] for his suggestion to consider hypersurfaces
Ξc in a similar Hofer-geometric context.
Proof. Observe that Ξ′ = Ξc × T
k is a coistropic submanifold of
T ∗X × T ∗Tk. Moreover, it is stable in the sense of Theorem 1.5 of
[G11]. Assume on the contrary that Ξ′ is displaceable. By Ginzburg’s
Theorem 1.5, there exists a disc of positive symplectic area with
boundary lying on one of the fibers of Ξ′. Every fiber of Ξ′ is of
the form L := γ × Tk, where γ is a trajectory of the geodesic flow on
Ξ. Since all closed geodesics of ρ are non-contractible, the inclusion
L → T ∗X × T ∗Tk induces a monomorphism of fundamental groups.
Thus every disc with boundary on L has vanishing symplectic area, a
contradiction.
Example 2.20. Let (M,ω) be a closed symplectic manifold with [ω] ∈
H2(M,Z). Let π : V → M be a prequantization of M . This means
that π is a principal S1-bundle equipped with an S1-invariant contact
form λ such that dλ = π∗ω. The Reeb flow et of λ is just the natural
S1-action on (M,ω). We shall focus on the group G˜(V ) = G˜e(V ) (these
groups coincide since M is closed).
Assume that M contains a closed Lagrangian submanifold L with
the following properties:
(i) The connection on V defined by λ has trivial holonomy when
restricted to L (the Bohr-Sommerfeld condition);
(ii) The relative homotopy group π2(M,L) vanishes.
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It is proven in [EP00, Theorem 1.3.D] that under these assumptions
 is a partial order on G˜(V ) = G˜e(V ) (these groups coincide, as V
is closed) and we deduce that the norm ν is well-defined on G˜(V ).
Moreover, since V is compact, by Remark 2.13, ν is stably unbounded.
Example 2.21. Let V = RP 2n+1 with standard contact structure.
It is proven in [EP00, Theorem 1.3.E] that  is a partial order on
G˜(RP 2n+1) = G˜e(RP
2n+1). Therefore, the norm ν is well defined on
G˜(RP 2n+1). Moreover, since RP 2n+1 is compact, ν is unbounded, by
Remark 2.13. The situation changes drastically when we pass to the
double cover S2n+1 of RP 2n+1: as we shall see in the next section, any
conjugation-invariant norm on G˜(S2n+1) is bounded, provided n ≥ 1.
While ν descends to a conjugation-invariant norm ν∗ on G(RP
2n+1),
it is not clear if ν∗ is unbounded. Could it be that every conjugation-
invariant norm on G(M3), M3 a contact three-manifold, is bounded?
The analog of this statement holds for diffeomorphisms by a result of
Burago-Ivanov-Polterovich (Theorem [BIP08, 1.11(iii)]) and work in
progress by Patrick Massot seeks to use open book decompositions to
develop a contact version of that argument.
2.4 Norm ν and k-translated fixed points
In this section we remark on the relationship of our norm ν – on
G˜ – with the notion of translated point. We say that f ∈ G˜ has a
k-translated fixed point x ∈ V , k ∈ N, if there exists a contact isotopy
{ft}, t ∈ [0, 1] in the class f such that f¯tx = e¯ktx. In particular,
f1x = x, since the Reeb flow is 1-periodic.
This is a definition for f in the universal cover G˜. In terms of
Sandon and Colin’s terminology [S11, CS12] in G it amounts to saying
that there is a path {ft} in the class f such that for all t ∈ [0, 1],
x is a translated point of ft with ektx being the point at which the
ft orbit of x re-joins the Reeb chord through x. Since k ∈ N, x
is actually a discriminant point of f1 (i.e. a translated point which
is fixed). We remark that translated points in Sandon’s terminology
also correspond to leafwise intersection points which have been studied
recently by Albers-Merrry [AM13] as well as Sandon [S12].
We claim the notion of k-translated fixed points for f ∈ G˜ is re-
lated to the norm ν in the following sense: contactomorphisms in the
ball of ν-radius k which do not remain in that ball when perturbed
necessarily have k-translated fixed points. We now make the notion
of perturbation precise.
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Define, for ε > 0, B˚(ε) (resp. B(ε)) as the set of f ∈ G˜ which
can be generated by Hamiltonians F± such that F+(x, s, t) < εs and
F−(x, s, t) > −εs (resp. F+(x, s, t) ≤ εs and F−(x, s, t) ≥ −εs). As in
Remark 2.3 we may assume such Hamiltonians are 1-periodic. Recall
that for integer ε = k, B(k) is the ball of radius k in the norm ν, i.e.
B(k) = {f ∈ G˜ : ν(f) ≤ k}.
We say that f ∈ G˜ is k-robust, for k ∈ N, if f B˚(ε) ⊂ B(k) for some
ε > 0. Note that f is k-robust if and only if gfg−1 is k-robust (though
the value of ǫ, in general, will change).
One readily checks that f is k-robust if and only if f ∈ B˚(k).
Indeed, for the ‘only if’ direction, let ǫ > 0 such that f B˚(ǫ) ⊂ B(k)
and take positive c < ǫ and elements g± ∈ B˚(ǫ) such that g± coincides
with e±c on the support of f . Then fe±c ∈ B(k) yields the existence
of Hamiltonians F± as needed to conclude f ∈ B˚(k).
Theorem 2.22. Let k ∈ N. Every f ∈ B(k) without k-translated
points is k-robust.
Proof. Assume f ∈ B(k) ⊂ G˜ has no k-translated fixed points.
Step 1. Let W := SV × T ∗S1, with coordinates (s, x, r, t). Recall
that W is equipped with the symplectic form Ω := d(sλ)+dr∧dt and
with the R+-action c · (s, x, r, t) = (cs, x, cr, t), c ∈ R+.
Since f  ek, f is generated by a 1-periodic Hamiltonian F (s, x, t)
with F (s, x, t) ≤ ks. Moreover F vanishes when x lies outside some
compact subset of V .
Put H(s, x, r, t) = r + F (s, x, t) and K(s, x, r, t) = r + ks. Since
H ≤ K the hypersurface Ξ = {H = 0} ⊂W lies in the closed domain
U = {K ≥ 0} ⊂ W . Moreover, dH = dK at each point of the set
Y = Ξ∩∂U , since on Y the function H−K attains its maximal value.
Thus the Hamiltonian vector fields sgradH and sgradK coincide on
Y .
Observe that all orbits of the Hamiltonian flow of K on ∂U are
(up to time shifts τ 7→ τ + τ0, where τ stands for the time variable of
the flow) circles of the form γx,s(τ) = (ekτx, s,−ks, τ).
Step 2. We claim that the set Y ⊂ Ξ does not contain a compact
invariant set of the Hamiltonian flow hτ of H on Ξ. Indeed, other-
wise this invariant set necessarily contains some hτ -orbit, which, since
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sgradH = sgradK on Y , must be a circle of the form γx,s(τ). Denote
by p :W → SV the natural projection, and note that
f¯τ (x, s) = p
(
hτ (x, s,−ks, 0)
)
= p(γx,s(τ)) = e¯kτ (x, s) .
Therefore (x, s) is a k-translated fixed point of f , a contradiction with
the assumption of the theorem. The claim follows.
Step 3. Observe that the Hamiltonians H,K are equivariant with
respect to the R+-action on W . Since H(x, s, r, t) = r for x outside a
compact subset of V andK(x, s, r, t) = r+ks with k > 0, the set Y/R+
is compact. By an R+-equivariant application of a theorem of Sullivan
[S76, LS94] there exists an R+-equivariant function Φ(x, s, r, t) on W
with dΦ(sgradH) < 0 at every point of Y (namely, apply Sullivan’s
theorem to the induced flow on {s = 1} identified with W/R+ and
extend the resulting function equivariantly). Here we use the fact
that Y does not contain a compact invariant set of the Hamiltonian
flow hτ on Ξ, see Step 2. Since on Y
dΦ(sgradH) = dΦ(sgradK) = Ω(sgradK, sgradΦ) = −dK(sgradΦ),
it follows that sgradΦ is transversal to ∂U at the points of Y and more-
over sgradΦ looks inside U at points of Y (cf. the proof of [PPS03,
Theorem 1.5]). Denoting by φt the Hamiltonian flow of Φ, we get that
for a sufficiently small ǫ > 0
φǫ(Ξ) ⊂ Interior(U) . (8)
Step 4. The hypersurface Ξ′ := φǫ(Ξ) is transversal to the lines
parallel to the r-axis and hence has the form Ξ′ = {r+F ′(x, s, t) = 0}
for some R+ equivariant Hamiltonian F
′ on SV . Put H ′(x, s, r, t) =
r + F ′(x, s, t). We claim that the time one map f ′ of F ′ is conjugate
to f in G˜(V ). Indeed, S = Ξ ∩ {t = 0} is a Poincare´ section of the
Hamiltonian flow hτ on Ξ. Similarly, S
′ = Ξ′ ∩ {t = 0} is a Poincare
section of the Hamiltonian flow h′τ of H
′ on Ξ′. Denote by ψ and ψ′
the corresponding return maps.
Further, φǫ(S) is a Poincare´ section of f
′
t with return map
ψ′′ = φǫψφ
−1
ǫ . (9)
The orbits of f¯ ′t establish an R+-equivariant symplectomorphism,
say η, between S′ and φǫ(S). Thus
ψ′ = η−1ψ′′η . (10)
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Finally, let π : S → SV and π′ : S′ → SV be the restrictions of the
natural projection. Then f¯ = πψπ−1 and f¯ ′ = π′ψ′(π′)−1. Combining
this with (9) and (10) we get that f¯ and f¯ ′ are conjugate by R+-
equivariant symplectomorphisms, and hence f and f ′ are conjugate
as well.
Step 5. By (8) we have the strict inequality F ′ < ks, and hence
f ′B˚(δ) ⊂ B(k) for some δ > 0. Since f ′ is conjugate to f , the same
holds for f (with, perhaps, smaller δ).
Repeating the arguments of Steps 1-5, and decreasing if necessary
δ > 0 we get that f B˚(δ) ⊂ B(k). This yields robustness of f .
3 Obstructions
3.1 Overview
In the next sections we discuss some restrictions on conjugation-
invariant norms on G(V ) or G˜(V ) for certain contact manifolds V .
Our first result concerns discreteness, our second result boundedness.
Recall that a conjugation invariant norm µ is called discrete if µ(g) ≥ c
for some c > 0 and all g 6= 1l.
Theorem 3.1. Let V be any contact manifold.
1. Any conjugation-invariant norm on G(V ) is discrete.
2. Any conjugation-invariant norm on G˜(V ) is discrete on G˜(V ) \
π1(G(V )).
Example 3.2. This example shows the second part of Theorem 3.1
cannot be improved. It follows from [E92] that π1(G(S
3)) = Z. Let
φ ∈ π1(G(S
3)) be a generator, and let r ∈ (0, 1) be an irrational
number. Define a norm µ on G˜(S3) by setting
µ(φn) = |e2πinr − 1|,
and µ(g) = 1 for g /∈ π1(G(S
3)). One readily checks that µ defines
a norm on G˜(S3), which is conjugation-invariant since π1(G(S
3)) is a
normal subgroup. Moreover, µ is clearly not discrete.
Next we address boundedness. To this end, we consider the frag-
mentation norm. Recall that any compactly supported contact isotopy
can be represented as a finite product of contact isotopies each sup-
ported in a Darboux ball (see [B97]). Here by Darboux ball we mean
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a contact embedded image of an open ball centred at the origin in the
standard Euclidean space. The contact fragmentation norm νF (f) of
f ∈ G˜(V ) is the minimal number of factors in such a representation
of f . One can analogously define the contact fragmentation norm
on G(V ). These norms are useful for us as they are maximal in the
following sense:
Theorem 3.3. Let V be a contact manifold and let µ be a conjugation-
invariant norm on G(V ) or G˜(V ) which is bounded on a C1-neighborhood
of the identity. Then there is a constant C = C(V, µ) such that
µ ≤ C · νF .
This automatically implies:
Corollary 3.4. Let V be a contact manifold and suppose the fragmen-
tation norm on G(V ) (resp. G˜(V )) is bounded. Then any conjugation-
invariant norm on G(V ) (resp. G˜(V )) which is bounded on a C1-
neighborhood of the identity is bounded.
As an example, consider the sphere S2n+1 with its standard contact
structure, for n ≥ 1.
Proposition 3.5. The fragmentation norm on G˜(S2n+1) is bounded
by 2 when n ≥ 1.
Proof. For z ∈ S2n+1 put Vz = S
2n+1 \ {z}. Observe that Vz ⊂ S
2n+1
is a Darboux ball. Now, let {ft} be a contact isotopy representing
f ∈ G˜(S2n+1). Take a sufficiently small ball B ⊂ V such that X :=
∪tft(B) 6= S
2n+1. Fix any point z /∈ X. Let {gt} be a contact isotopy
supported in Vz with gt|B = ft|B for all t ∈ [0, 1]. Set ht = g
−1
t ft.
Observe that ht ∈ G(Vw) for any point w ∈ B. Then f = gh and
hence νF (f) ≤ 2.
As an immediate consequence of Proposition 3.5 and Corollary 3.4
we get:
Corollary 3.6. Let n ≥ 1. Any conjugation-invariant norm on
G(S2n+1) or G˜(S2n+1) which is bounded on a C1-neighborhood of the
identity is bounded.
Remark 3.7. All boundedness results in this paper - both Theorem
3.3 and Corollary 3.4 above and the analogous resuts in Section 3.5
- involve a C1-boundedness hypothesis and their proofs use perfect-
ness of groups of contactomorphisms of finite smoothness [T08]. If
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one instead appeals to perfectness of the group of smooth contacto-
morphisms [R10] then this additional hypothesis is not needed and
one obtains analogous boundedness statements which hold for any
conjugation-invariant norm. We note, nevertheless, that all the norms
mentioned in this paper do satisfy the C1-boundedness assumption
appearing above:
• The norm ν (and consequently also ν∗) defined in Section 2 sat-
isfies this assumption, since any element of G˜(V ) sufficiently C1-
close to 1l can be represented by a flow generated by a Hamilto-
nian satisfying |H| ≤ ǫs.
• Zapolsky’s norms ρosc and ρsup [Z13] satisfy this assumption
since, as mentioned in Example 2.17, they are bounded above
by the norm ν∗ (as follows from [Z13, Proposition 2.9(iii)]).
• The discriminant, zig-zag, and oscillation norms [CS12] satisfy
this assumption. Indeed, both the oscillation and discriminant
norms are bounded above by the zig-zag norm, so it suffices to
consider the latter. An easy modification of the proof of [CS12,
Lemma 2.1] shows that any element φ ∈ G˜ sufficiently C1-close
to the identity can be represented as a product φ = fg, where f
is positive, g is negative, and both are C1-close to the identity.
By the proof of [CS12, Lemma 2.1] again, both f and g are
embedded, and so φ has zig-zag norm ≤ 2.
• The norms of Borman and Zapolsky coming from homogeneous
quasi-morphisms (see Section 1) satisfy this assumption. Indeed,
the quasi-morphisms φ they construct are monotone, meaning
that φ(g) ≤ φ(h) if g  h. This implies that the corresponding
conjugation-invariant norms µ are dominated by our norm ν in
the sense that for each such µ there exists K > 0 such that
µ(g) ≤ K · ν(g) for all g ∈ G˜(V ) (see [BZ15, Lemma 1.33]).
Remark 3.8. In the previous Remark we mentioned comparison of
the norms of Colin-Sandon [CS12] with each other and the norm of
Zapolsky [Z13] with ours. Let us now discuss comparison of our norm
ν with the zigzag norm, νzig, and oscillation norm, νosc, of Colin-
Sandon. In fact the compatibility of νosc with the partial order 
[CS12, Proposition 3.4] immediately implies that νosc ≤ 2ν(f) + 1.
Comparison of our norm with the zigzag norm is more subtle. It is
useful to consider the word norm µH defined by a generating set S
consisting of isotopies with Hamiltonian H such that −s < H < s. It
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will not be conjugation-invariant in general since S is not, but we do
have ν ≤ µH by Remark 2.7. The converse relationship between ν and
µH on the other hand is not yet clear; it depends on how hard it is to
simultaneously fulfill both conditions in Remark 2.7, that on F+ and
that on F−, with a single Hamiltonian F = F+ = F−. The norm µH
can in some cases be shown to dominate νzig, i.e., νzig ≤ KµH . It can
also be shown that the norm µH is equivalent to ⌈νS⌉, i.e., each norm
dominates the other, where νS is the (pseudo-) norm of Shelukhin
[Sh14], and ⌈·⌉ denotes the ceiling function. Indeed, the inequality
νS ≤ µH is immediate, hence ⌈νS⌉ ≤ µH , while an inequality in the
converse direction follows by a re-parametrization trick (see proof of
[P01, Lemma 5.1.C]).
The rest of Section 3 is organized as follows. Theorem 3.1 is proved
in Section 3.3, and Theorem 3.3 in Section 3.4. Beforehand, in Section
3.2 we recall some algebraic results used in those proofs. Finally, in
Section 3.5 we discuss a class of sub-domains of contact manifolds for
which analogous boundedness results can be obtained.
3.2 Algebraic results
The following definition is taken from [BIP08].
Definition 3.9. Let G be a group, and let H ⊂ G be a subgroup.
We say that an element g ∈ G m-displaces H if the subgroups
H, gHg−1, g2Hg−2, . . . , gmHg−m
pairwise commute.
The geometric meaning of m-displacement in our context is as fol-
lows. Let U ⊂ V be an open subset. We say that a contactomorphism
φ ∈ G(V ) m-displaces U if the subsets
U, φ(U), . . . , φm(U)
are pairwise disjoint. If this holds then φ m-displaces the subgroup
G(U) of G(V ). Similarly, if φ˜ = {φt} ∈ G˜ is a path such that φ1
m-displaces U then φ˜ m-displaces the subgroup G˜(U, V ) of G˜(V ).
Returning to the general algebraic setting, given a subgroup H ⊂
G and an element h in the commutator subgroup [H,H], we denote
by clH(h) the commutator length of h, which is the minimal number
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of commutators needed to represent h as a product of commutators.
We will need the following result (see [BIP08], Theorem 2.2). Suppose
that µ is a conjugation-invariant norm on a group G. Let H ⊂ G be
a subgroup such that there exists g ∈ G which m-displaces H. Then
for any h ∈ [H,H] with clH(h) = m one has
µ(h) ≤ 14µ(g). (11)
Finally, we will use the following result of Tsuboi [T08] dealing
with contactomorphisms of finite smoothness. Let W be a connected
contact manifold of dimension 2n + 1. For 1 ≤ r < ∞, denote by
Gr(W ) the identity component of the group of compactly supported
Cr-contactomorphisms ofW , and by G˜r(W ) its universal cover. More-
over, for an open subset X ⊂W , denote by G˜r(X,W ) the subgroup of
G˜r(W ) containing those contact isotopies which are supported in X.
Tsuboi’s theorem states that for r ≤ n + 3/2, the groups Gr(W )
and G˜r(W ) are perfect, i.e. equal to their commutator subgroups. In
particular if X ⊂ W is a connected open subset, the groups Gr(X)
and G˜r(X,W ) are perfect. The latter group is perfect since it is an
epimorphic image of the perfect group G˜r(X) (similarly to (1) above).
3.3 Discreteness
In this section we prove Theorem 3.1 on discreteness. In what
follows by an embedded open ball we mean the interior of an embedded
closed ball. We use the following fact which we prove in Section 3.4
(see Example 3.12).
Lemma 3.10. Let D1,D2 ⊂ V be Darboux balls and let U be an open
subset of D1 such that Closure(U) ⊂ D1. Then there exists φ ∈ G(V )
such that φ(U) ⊂ D2.
Proof of Theorem 3.1. First we note that (2) follows from (1). Indeed,
denote by π : G˜ → G the natural projection. Assume that (1) holds,
and let µ be a conjugation-invariant norm on G˜. Define a conjugation-
invariant norm µ∗ on G by µ∗(f) = inf{µ(f
′) : π(f ′) = f}. Then by
assumption µ∗ is discrete. Observe that µ(f) ≥ µ∗(πf) for all f ∈ G˜.
Since for all f /∈ π1(G), π(f) 6= 1l, we get (2).
Next we prove (1). Assume the result does not hold. Fix an open
ball U with closure contained in a Darboux ball D, and a pair of
elements φ,ψ ∈ G(U) with [φ,ψ] 6= 1l. We claim µ([φ,ψ]) = 0, a
contradiction.
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By assumption, for any ε > 0 we can find θ ∈ G with µ(θ) < ε.
Since θ 6= 1l, θ moves some point, so there must exist an open ball
B ⊂ V such that θ(B)∩B = ∅. Let η ∈ G such that η(U) ⊂ B (which
exists by Lemma 3.10). Then η−1θη displaces G(U) and hence by (11)
µ([φ,ψ]) ≤ 14µ(η−1θη) = 14µ(θ) < 14ε.
Our claim follows.
3.4 Boundedness
In this section we prove Theorem 3.3.
Definition 3.11. An open connected contact manifold (V, ξ) is called
contact portable if there exists a connected compact set V0 ⊂ V and a
contact isotopy {Pt} of V , t ≥ 0, P0 = 1l such that the following hold:
• The set V0 is an attractor of {Pt}, i.e. for every compact set
K ⊂ V and every neighborhood U0 ⊃ V0 there exists some t > 0
such that Pt(K) ⊂ U0.
• There exists a contactomorphism θ of V displacing V0.
Note that θ is not assumed to be compactly supported. Definition
3.11 is a contact version of the notion of portable manifold defined in
[BIP08].
Example 3.12. An example of a contact portable manifold is R2n+1,
equipped with the standard contact structure given by the kernel of
the 1-form α = dz − ydx. Here we use the coordinates (x, y, z) ∈
R
n × Rn × R. The contact isotopy is given by
Pt : (x, y, z) 7→ (e
−tx, e−ty, e−2tz).
The attractor V0 can be taken to be the closed ball {|x|
2+|y|2+z2 ≤ 1}
and the contactomorphism θ can be given, for example, by
θ(x, y, z) = (x, y, z + 3).
Similarly, any Euclidean ball {|x|2+ |y|2+z2 < R} is contact portable.
In particular, this example shows that every compact subset of
R
2n+1 can be contact isotoped into an arbitrary small neighborhood of
the origin. Applying an appropriate cut-off function to the generating
contact Hamiltonian, this can be done inside a Darboux chart in an
arbitrary contact manifold. This, together with the transitivity of G,
proves Lemma 3.10.
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The proof of the following proposition is analogous to that of The-
orem 1.17 in [BIP08].
Proposition 3.13. Let (V, ξ) be a contact portable manifold. Then
any conjugation-invariant norm on G(V ) or G˜(V ), which is bounded
on a C1-neighborhood of the identity, is bounded.
We prove the case of G˜(V ); the proof for G(V ) is similar.
Proof. Let µ be such a norm, and fix a constant δ > 0 and a C1-
neighborhood V ⊂ G˜ of the identity such that µ(g) < δ for g ∈ V. Let
V0, Pt and θ be as in Definition 3.11. We can find a small connected
neighborhood U of V0 with compact closure such that θ(U) ∩ U = ∅.
First we show that µ is bounded on the subgroup H := G˜(U, V ) of G˜.
Indeed, let U ′ := θ(U). Then U ′ is a neighborhood of θ(V0), which
is an attractor for the isotopy {gt = θ ◦Pt ◦ θ
−1}. Therefore, for some
T > 0, gT (U ∪U
′) ⊂ U ′. Truncating the contact Hamiltonian generat-
ing {gt} and re-parametrizing gives a contact isotopy ψ = {ψt} ∈ G˜(V )
such that ψ1(U ∪U
′) ⊂ U ′. We claim ψ1 m-displaces U for all m ≥ 0.
Indeed U lies in the complement of U ′, so ψ1(U) ⊂ U
′ \ ψ1(U
′) and
∀k ∈ N, ψk1 (U) ⊂ ψ
k−1
1 (U
′) \ ψk1 (U
′), which implies the ψk1 (U) are
pairwise disjoint.
Now, by Tsuboi’s theorem any h ∈ H can be written as a product
h = h1 · . . . ·hm, hi = [σi, τi] where σi, τi ∈ G˜
1(U, V ). Since the 2m-fold
product of G˜(U, V ) is dense in the 2m-fold product of G˜1(U, V ) and
the product of m commutators defines a continuous map to G˜1(U, V ),
there is some g ∈ G˜(U, V ) satisfying g−1h ∈ V such that g = g1 · . . . ·gm
where each gi is a product of commutators of elements of G˜(U, V ). In
particular, clH(g) ≤ m, and hence
µ(g) ≤ 14µ(ψ).
But then
µ(h) ≤ µ(g) + µ(g−1h) ≤ 14µ(ψ) + δ =: C.
This proves that µ is bounded on H.
Now, given f = {ft} ∈ G˜(V ), let K be a compact set such that
∪tsupp ft ⊂ K. There exists T such that PT (K) ⊂ U . As before,
truncating and re-parametrizing the contact Hamiltonian which gen-
erates {Pt}t∈[0,T ], we can produce η ∈ G˜(V ) with η(K) ⊂ U . Then
η ◦ f ◦ η−1 ∈ H = G˜(U, V ) and so,
µ(f) = µ(η ◦ f ◦ η−1) ≤ C.
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Remark 3.14. Observe that the proof of Proposition 3.13 works
equally well for a conjugation-invariant pseudo-norm; the non-degeneracy
of µ was never used.
We can now prove the maximality of the fragmentation norm. As
above, we prove it for G˜(V ); the proof for G(V ) is similar.
Proof of Theorem 3.3. Let µ be a conjugation-invariant norm on G˜(V )
which is bounded on a C1-neighborhood of the identity. Fix a Darboux
ball B ⊂ V . By Proposition 3.13, µ is bounded on G˜(B,V ) - indeed,
pulling back µ by the epimorphism G˜(B)→ G˜(B,V ) (recall (1)) yields
a conjugation-invariant pseudo-norm on G˜(B), which is bounded by
Remark 3.14 and Example 3.12, and so µ is bounded on G˜(B,V ),
say by C > 0. Now, let f ∈ G˜(V ). Write f = h1 · · · hN , where
N = µF (f), and each hi is represented by an isotopy supported in a
Darboux ball Bi ⊂ V . By Lemma 3.10, one can find contact isotopies
mapping each supp hi into B, and so each hi is conjugate to a contact
isotopy supported in B. Then for any 1 ≤ i ≤ N , µ(hi) ≤ C. We get
µ(f) ≤ CN = CνF (f).
3.5 Boundedness on sub-domains
Definition 3.15. Suppose (V, ξ) is a contact manifold and V ′ ⊂ V
an open subset. Then we say that V ′ is a portable sub-domain of V if
there exists a compact set V0 ⊂ V
′, and a contact isotopy {Pt}t∈R of
V such that the following hold:
• For every compact set K ⊂ V ′ and every neighborhood U0 ⊃ V0
there exists some t > 0 such that Pt(K) ⊂ U0.
• There exists a contactomorphism θ supported in V ′ displacing
V0.
Observe that a portable sub-domain V ′ ⊂ V need not be a contact
portable manifold, since we allow more “squeezing room” (the isotopy
Pt may have support outside V
′). By the same argument as in the
proof of Proposition 3.13, we have the following result:
Proposition 3.16. Let (V, ξ) be a contact manifold and V ′ ⊂ V be a
portable sub-domain of V . Then any conjugation-invariant norm on
G(V ) (resp. G˜(V )) which is bounded on a C1-neighbourhood of the
identity is necessarily bounded on G(V ′) (resp. on G˜(V ′, V )).
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Example 3.17. Consider the contact manifold V = R2n×S1 equipped
with the contact structure ξ = Ker(dt− α), where α = 12(pdq − qdp).
In what follows we assume that n ≥ 2. Put U(r) := B2n(r) × S1,
where B2n(r) stands for the ball {π(|p|2+ |q|2) < r}. In [S10] Sandon
defined a conjugation invariant norm on G(V ) which is bounded on all
subgroups G(U(r)). We claim that every conjugation-invariant norm
on G(V ) is necessarily bounded on G(U(r)) if r < 1.
To prove the claim, take any Hamiltonian symplectomorphism θ
supported in B2n(r) ⊂ R2n which displaces the origin. Let r′ < r be
sufficiently small so that B2n(r′) is also displaced and let θ̂ ∈ G(U(r))
be the lift of θ to a contactomorphism of V supported in U(r). We have
θ̂(U(r′)) ∩ U(r′) = ∅. Further, by the Squeezing Theorem [EKP06,
Theorem 1.3] there exists P ∈ G(V ) such that P (U(r)) ⊂ U(r′).
Therefore U(r) is a portable sub-domain of V , and the claim follows
from Proposition 3.16.
In fact, the above argument can be applied more generally. Recall
that a symplectic manifold (M2n, ω = dα) is called Liouville if it
admits a vector field v and a compact 2n-dimensional submanifold U
with connected boundary Q = ∂U with the following properties:
• iηω = α. This yields that the flow ηt of v is conformally sym-
plectic;
• v is transversal to Q.
One can show that (Q,Ker(α)) is a contact manifold and for all
specific choices of U these are naturally contactomorphic. We refer
to (Q,Ker(α)) as the ideal contact boundary of M . The set C :=⋂
t>0 η−t(U) is called the core of M .
Consider now the contact manifold V = M × S1 equipped with
the contact form λ = dt− α. Put U(r) := η log r(U) × S
1, where U is
the interior of U .
Proposition 3.18. Suppose that the ideal contact boundary of (M,dα)
is non-orderable and the core C is displaceable by a Hamiltonian dif-
feomorphism in its arbitrary small neighborhood. Then there exists
r0 > 0 so that any conjugation-invariant norm on G(V ) (resp. G˜(V ))
which is bounded on a C1-neighbourhood of the identity is necessarily
bounded on G(U(r)) (resp. G˜(U(r), V )) for all positive r < r0.
Proof. By [EKP06, Theorem 1.19] there is some r0 > 0 such that
(by iterating the Theorem enough times), one can obtain an isotopy
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which squeezes U(r0) arbitrarily close to C ×S
1, in fact within2 some
larger U(r′) ⊂ V . Since the core C is Hamiltonian displaceable in its
arbitrarily small neighborhood, the set C × S1 is displaceable in its
arbitrarily small neighborhood by a contact isotopy of V . It follows
that for 0 < r < r0 the set U(r) is a portable sub-domain of V and
hence by Proposition 3.16 any conjugation-invariant norm on G(V )
(resp. G˜(V )) is bounded on G(U(r)) (resp. on G˜(U(r), V )).
An important class of Liouville manifolds is formed by complete Stein
manifolds, that is by Ka¨hler manifolds (M,J, dα) admitting a proper
bounded from below Morse function F with α = JdF and η =
−gradF , where the gradient is taken with respect to the metric dα(·, J ·).
(By a result of Eliashberg [E90] these manifolds admit an alterna-
tive description as Weinstein manifolds provided dimM ≥ 3). For
a generic F , the core of M is an isotropic CW -complex of dimension
n−k with k ∈ [0, n] (see [EG91, BC02]). We say thatM is k-subcritical
if k ≥ 1 and critical if k = 0.
The assumptions of Proposition 3.18 implying boundedness of suitable
conjugation-invariant norms on some G(U(r)) hold true, for instance,
when the Liouville manifold M is k-critical with k ≥ 2 : indeed, the
ideal contact boundary is non-orderable by Theorem 1.16 of [EKP06],
while the core C in this case is Hamiltonian displaceable in its arbi-
trary small neighborhood (cf. [BC02, Section 3]).
On the other hand, for some critical Liouville manifoldsM it is known
that the core is stably non-displaceable. For instance, this is true for
cotangent bundles of closed manifolds, where the core can be taken
as the zero section. By Theorems 2.8, 2.11 and Corollary 2.12 this
implies the conjugation invariant norm µ on G˜(V ) is well defined and
stably unbounded when restricted to G˜(U(r)) for all r > 0. Here the
1-periodic Reeb flow on V is associated to the form λ and is given by
rotation along the S1-factor so leaves U(r) invariant.
We thus see a dichotomy between boundedness of conjugation-invariant
norms in small U(r) ⊂M × S1 in the case of sub-critical M , and sta-
ble unboundedness of the norm ν on any U(r) in the case of certain
critical M, those with stably non-displaceable core. It is natural to
ask:
2See the argument in Remark 1.23 of that paper and the proof of Theorem 1.3 on the
same page.
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Question 3.19. Is the norm ν well-defined and stably unbounded on
any U(r) ⊂M × S1 for all critical M?
It could be that V =M ×S1 is orderable for every Liouville manifold
(M,dα) which would confirm at least well-definedness of the norm ν
for all V of this kind. This is known, for instance, for some critical M
such as cotangent bundles, as well as for some subcritical M such as
linear spaces due to the thesis of Sandon [S11]. P. Albers pointed out
that the methods of [AM13] should prove the result for general M .
Regarding boundedness vs. stable unboundedness, however, little is
known so far. On the one hand, in case one wished to prove bound-
edness by using squeezing as in Proposition 3.18 above, it is unknown
whether the ideal contact boundary of critical M is orderable or not.
On the other hand, it is unlikely that the technique of Section 2 based
on stable intersection property might be applicable to proving stable
unboundedness for subcritical manifolds with dimM ≥ 2. Indeed, by
[BC02a, Theorem 6.1.1], there are no “hard” symplectic obstructions
to Hamiltonian displacement of a compact subset of SV =M×R+×S
1
from a given closed subset, so existence of sets with stable intersection
property is quite problematic. It would be interesting to explore this
point further.
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